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: $([8]_{\mathrm{C}},\mathrm{f}.\iota 91)$ If $A\geq B\geq 0$ ,




holds for $p$ and $q$ such that $p\geq 0$ and $q\geq 1$ with
$(1+2r)q\geq p+2r$ .
$\mathrm{p},\mathrm{q},\mathrm{r}$ best Possble [19]
$r=0$ L\"owner-Heinz
L\"owner-Heinz : If $A\geq B\geq 0$ , then
$A^{\alpha}\geq B^{\alpha}$ for $\alpha\in[0,1]$ .
– [17]
$A^{t}\#_{\frac{1-t}{\mathrm{p}-t}}B^{\mathrm{p}}\leq A$ and $B\leq B^{t}\#_{\frac{1-\ell}{p-\ell}}A^{p}$ , for $p\geq 1$ and $t\leq 0$ .
# $\alpha$-power mean
$A \#_{\alpha}B=A^{\frac{1}{2}}(A^{-\frac{1}{2}}BA-\frac{1}{2})\alpha A^{1}2$ , for $\alpha\in[0,1]$
$\alpha$-power mean
$(\mathrm{c}\mathrm{f}.[7],[14])$
Satellite theorem of the Furuta inequality : If $A\geq B\geq 0$ , then for $p\geq 1$ and $t\leq 0$ ,
$A^{t}\#_{\frac{1-t}{\mathrm{p}-\ell}}B^{p}\leq B\leq A\leq B^{t}\#_{\frac{1-t}{p-t}}A^{\mathrm{p}}$.
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2. .
[21] ([4])
If $A\geq B>0,0\leq t<p$ and $\frac{1}{2}\leq p\leq 1$ , then
$A^{t}\mathfrak{h}_{\frac{1-t}{\mathrm{p}-t}}B^{p}\leq A$ .
$\mathfrak{h}_{s}$ $s\in \mathcal{R}$ $A\mathfrak{h}_{\mathit{8}}B=A^{1}2(A^{-1}2BA^{-1}2)^{S}A^{1}2$
$s\in[0,1]$ $\#$ –
$0 \leq t<p\leq\frac{1}{2}$ [20]
$0 \leq t<p\leq\frac{1}{2}$ $A\geq B\geq O$ $A^{t}\mathfrak{h}_{\frac{1-t}{p-t}}B^{p}\leq A$
$\frac{1}{2}\leq p\leq 1$ $0\leq t<p\leq$ A
– ([16])
Let $A\geq B>0$ and $0\leq t<p\leq 1$ . Then
(i) for $\frac{1}{2}\leq p$ ,
(1) $A^{t}\mathfrak{h}_{\frac{1-\ell}{p-\ell}}B^{p}\leq B\leq A$,
(ii) for $p \leq\frac{1}{2}$ ,
(2) $A^{t}\mathfrak{h}_{2}R_{\frac{t}{t}}^{-}p-B^{\mathrm{P}}\leq B^{2p}\leq A2p$ .
operator function
$([5],\iota 6])$
Theorem F.F.J.K. Let $A\geq B>0,0\leq t<p\leq 1$ an.u $\alpha \mathrm{c}_{=}(\mathrm{U},$ $1 \int.$ 1 $\cdot 5^{\mathrm{u}\cdot \mathrm{c}}$
(i) If $\frac{1}{2}\leq p$ , then for $\beta\geq(1-t)\alpha+t$ and $\frac{(1-t)\alpha}{p-t}\geq 1$ ,
(3) $(A^{t}\mathfrak{y}_{L_{\frac{\ell}{\ell}}^{-},p-}B^{p})^{\frac{(1-t)\infty+t}{\beta}}\leq A^{t}\mathfrak{h}_{\frac{(1-t)\propto}{\mathrm{p}-\ell}}B^{p}\leq B^{\langle t}1-)\alpha+tA\iota_{\#}\leq\alpha B\leq A^{(-}1t)\alpha+t$
and $f(\beta)=(A^{t}\mathfrak{y}_{e_{\frac{-\ell}{-t}},\mathrm{p}}B^{p})^{\frac{\langle 1-t)\alpha}{\beta}}$ is adecreasing function of $\beta$ such that $\beta\geq(1 - t)\alpha+t$ .
(ii) If $p \leq\frac{1}{2}$ , then for $\beta\geq(2p-t)\alpha+t$ and $\frac{(2p-t)\alpha}{p-t}\geq 1$ ,
(4) $(A^{t}\#_{p}\mathrm{g}_{-}^{-\ell}B^{p})^{\frac{(2\mathrm{p}-\ell)\alpha+\ell}{\beta}}\leq A^{t}\mathfrak{h}_{\frac{(2p-t)\propto}{p-\ell}}B^{p}\leq B^{(2pt}-)\alpha+t\leq A^{t}\#_{\alpha}B^{2_{\mathrm{P}}}\leq A^{\mathrm{t}p-}2t)\alpha+t$
and $g(\beta)=(A^{t}\mathfrak{y}_{\epsilon_{\frac{-l}{-t}},p}B^{p})^{\frac{(2p-t)\alpha+l}{\beta}}$ is adecreasing function of $\beta$ such that $\beta\geq(2p-t)\alpha+t$ .
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3. . Theorem formulation – formulation
Theorem. (i) Let $A\geq B>0$ and $0\leq t<p\leq 1$ . Then for each $\delta$ with $t \leq\delta\leq\min\{1,2p\}$ ,
$F(\beta)=F_{\delta(}\beta)=(A^{t}\mathfrak{h}_{L_{-}^{-},\mathrm{p}^{\frac{t}{\ell}}}B^{p})^{s}\not\supset$
is a decreasing fimction of for $\beta\geq\delta$ , and
(5) $(A^{t}\mathfrak{h}_{L_{-}^{-},\mathrm{p}^{\frac{t}{t}}}B^{p})^{p}\delta\leq A^{t}\mathfrak{h}_{\frac{\delta-t}{p-t}}B^{p}\leq A^{\delta}$ .
In particular, for each $\delta$ with $p \leq\delta\leq\min\{1,2p\}$ ,
(6) $(A^{t}\mathfrak{h}_{L-,p^{\frac{\ell}{\ell}}}-B^{p})^{\iota}\not\supset\leq A^{t}\mathfrak{h}_{\frac{\delta-t}{p-\ell}}B^{\mathrm{p}}\leq B^{\delta}\leq A^{\delta}$.
(ii) Let $A\geq B>0,1\leq p$ and $0\leq t\leq 1$ , then
(7) $F(\beta)=(A^{t}\mathfrak{h}_{L_{\frac{t}{t}}^{-},p-}B^{\mathrm{p}})^{i}\leq B\leq A$ ,
and $F(\beta)$ is adecreasing function of $\beta\geq p$ .
Remark. Theorem (5) $\delta=(1-t)\alpha+t,$ $\alpha\in(0,1]$ (3) $\delta=(2p-t)\alpha+t$
$,\alpha\in(0,1]$ (7)
lemma $(\mathrm{c}\mathrm{f}.[.5],[7],[121,[16])$
Lemma. If $A\geq B>0$ and $p\in \mathrm{R}$ , then for $0\leq t\leq 1,$ $t<p$ and $p\leq\delta\leq 2p-t$ ,
$A^{t}\mathfrak{h}_{\frac{\delta-\ell}{p-t}}B^{p}\leq B^{\delta}$.
Proof. Since $A^{t}\mathfrak{h}_{s}B^{p}\leq B^{(p-t)}S+t$ for $A\geq B>0,$ $p\in \mathrm{R},$ $1\leq s\leq 2$ and $0\leq t\leq 1$ , by replacing
$s= \frac{\delta-l}{p-l}$ we have the above.
Proof of Theorem. In the beginning, we point out that
(11) $A^{t}\mathfrak{h}_{\frac{\delta-\ell}{\mathrm{p}-l}}B^{p}\leq B^{\delta}\leq A^{\delta}$ for $p\leq\delta\leq 2p$.
As amatter of fact, since $A^{\delta}\geq B^{\delta}>0$ by (2) and $0 \leq\frac{t}{\delta}<R\delta\leq 1,$ $\frac{1}{2}\leq R\delta\leq 1$ , we can apply (4) to $A^{\delta}$
and $B^{\delta}$ , that is,
$A^{t}\mathfrak{h}_{\frac{\delta-\ell}{p-\ell}}B^{p}=(A^{\delta})^{\mathrm{r}}\ell \mathfrak{h}_{1-}\Leftrightarrow-(B^{\delta})^{\xi}\leq B^{\delta}\leq A^{\delta}$
.
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Our proof is done inductively. As the first step, let $\beta\geq\delta$ such that $1\leq E_{\frac{-t}{-t}}\delta\leq 2$ , then we use Lemma





Since $0 \leq\frac{\delta}{\beta}\leq 1$ , applying (2) for $\alpha=\frac{\delta}{\beta}$ , we have
$(A^{t}\mathfrak{h}_{L_{-},\mathrm{p}^{\frac{-l}{\ell}}}B^{p})\not\supset\delta\leq A^{t}\mathfrak{h}_{\frac{\delta-t}{\mathrm{p}-t}}B^{\mathrm{p}}\leq B^{\delta}\leq A^{\delta}$.
Secondary, for $A^{\delta}\geq(A^{t}\mathfrak{h}L_{-}^{-}p^{\frac{t}{\ell}}B^{\mathrm{p}})^{s}\not\supset$ and $\beta_{1}$ such that $1\leq \mathrm{g}\rho^{1_{\frac{-t}{-t}}}\leq 2$ , Lemma leads the following;
$A^{t} \#\frac{\beta-\ell}{p-t}B^{p}$ $=$ $A^{t} \mathfrak{y}_{\rho t}\mp^{-}\tau(A^{t}\#_{\mathrm{p}}L_{-}^{-}\frac{t}{\ell}B^{\mathrm{p}})$
$=$ $(A^{\delta})^{\eta}\ell\#\text{ }$ $((A^{t}\mathfrak{h}_{L-,\mathrm{p}^{\frac{t}{\ell}}}-B^{p})^{p})\delta\not\in$
$\leq$ $((A^{t}\#_{p^{\frac{-l}{-t}}}LB^{p})^{\delta}F)(\#-\#)\rho\star-+^{l}-t\sigma$
$=$ $(A^{t}\#_{p}e_{\frac{-l}{-\ell}}B^{\mathrm{p}})i\beta$ .
Applying (2) for $\alpha=\frac{\delta}{\beta_{1}}$ , we have $(A^{t}\mathfrak{h}_{\lrcorner}\rho_{\mathrm{p}^{\frac{-l}{-t}}}B^{\mathrm{p}})^{T^{\delta}}1^{-}\leq(A^{t}\mathfrak{y}_{g_{\frac{-t}{-\ell}},\mathrm{p}}B^{p})^{\delta}\not\supset$and
$(A^{t} \#\frac{\beta-l}{p-t}B^{p})^{F_{1}^{\delta_{-}}}\leq(A^{t}\mathfrak{y}_{g_{\frac{-t}{-l}},\mathrm{p}}B^{p})^{s}\not\supset\leq A^{t}\mathfrak{h}_{\frac{\delta-\ell}{\mathrm{p}-\ell}}B^{p}\leq B^{\delta}\leq A^{\delta}$.
As the third step, let $\beta_{2}$ be $1 \leq\frac{\beta_{2}-t}{\beta_{1}-t}\leq 2$ , then we have
$(A^{t}\mathfrak{y}_{\rho_{\mathit{1}_{\frac{-l}{-l}}}}- pB^{p})^{\tau_{2}}t_{-}\leq(A^{t}\mathfrak{h}_{\lrcorner_{\frac{-t}{-l}}}\rho_{p}B^{\mathrm{p}})^{\tau_{1}^{-}}\iota\leq A^{t}\mathfrak{h}_{\frac{\delta-t}{p-l}}B^{p}\leq B^{\delta}\leq A^{\delta}$
by similar calculation to the above. Repeating this method, we have the inequality (9) and the mono-
tonicity of $F(\beta)$ .
(ii) In the case of $1\leq p$ and $0\leq t\leq 1$ , Lemma leads us to $(A^{t}\#_{p-}L_{\frac{\ell}{t}}^{-}B^{p})$ A $\leq B\leq A$ , when $p\leq\beta\leq 2p-t$ .
Secondary, for $\beta_{1}$ such that $\beta\leq\beta_{1}\leq 2\beta-t$ , we apply Lemma again to $A$ and $(A^{t}\mathfrak{y}_{e_{\frac{-t}{-\mathrm{g}}},\mathrm{p}}B^{p})^{p}1$ . Then
$A^{t} \#\frac{\beta-t}{p-\ell}B^{p}$ $=$ $A^{t} \#\frac{\beta-t}{\beta-\ell}(A^{t}\mathfrak{h}_{E_{\frac{-\ell}{-t}},p}B^{p})$
$=$ $A^{t}\mathfrak{h}_{\beta-\ell}\mp T((A^{t}\#_{p}\mapsto-t-tB^{\mathrm{p}})\#)^{\beta}$
$\leq$ $((A^{t} \mathfrak{h}_{\frac{\beta-t}{p-l}}B^{p})^{p})^{(\rho t)}1-\frac{\beta_{1}-t}{\beta-t}+t$
$=$ $(A^{t}\mathfrak{h}_{\mathit{4}_{\frac{-l}{-\ell}},\mathrm{p}}B^{p})\not\simeq\beta$ .
Applying (2) to $\alpha=\frac{1}{\beta_{1}}$
$(A^{t}\mathfrak{y}_{\rho_{\mathrm{p}}}\lrcorner_{\frac{-t}{-l}}B^{p})^{\frac{1}{\beta_{1}}}\leq(A^{t}\mathfrak{h}_{E_{\frac{-l}{-l}},p}B^{p})^{p}1\leq B\leq A$.
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Repeating this method like above, we have the conclusion.
Remark. $t\leq\delta\leq 1$ $t\leq\delta\leq 2p$ $\delta\leq p$
$A^{t}\mathfrak{h}_{\frac{\delta-\ell}{p-t}}B^{p}=A^{t}\#_{\frac{\delta-\ell}{p-t}}B^{p}$ $B^{\delta}\leq A^{t}\#_{\frac{\delta-l}{p-t}}B^{p}\leq A^{\delta}$
(5) (6)
.
$A^{t}\#_{\frac{1-l}{p-\ell}}B^{\mathrm{p}}\leq B\text{ }$ $A^{t}\mathfrak{h}_{\frac{1-t}{p-\ell}}B^{p}\leq A$
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